We recently constructed the R-Poincaré algebra from an appropriate deformed Poisson brackets which reproduce the Fock coordinate transformation. We showed then that the spacetime of this transformation is the de Sitter one. In this paper, we derive in the R-Minkowski spacetime the Dirac equation and show that this is none other than the Dirac equation in the de Sitter spacetime given by its conformally flat metric. Furthermore, we propose a new approach for solving Dirac's equation in the de Sitter spacetime using the Schrödinger picture.
Introduction
Deformed Special Relativity (DSR) [1, 2, 3, 4 ] and Fock's transformation [5] are two distinct approaches of nonlinear relativity which are developed for completely different motivations. In addition to the speed of light, DSR keeps invariant a minimal length on the order of the Planck length, while Fock's transformation keeps invariant a length which represents the universe radius.
By following the same way as in DSR [6] , we recently proposed an appropriate deformed Poisson brackets [7] {x µ , x ν } = 0,
from which we reproduced the Fock coordinate transformation
where
R is the universe radius, γ = (1 − u 2 /c 2 )
2 , η µν = (+1, −1, −1, −1) and µ, ν = 0, 1, 2, 3. Relations (4) define the so-called R-Minkowski spacetime. From the above brackets, we established the corresponding momentum transformation
with which the four dimensional contraction p µ x µ is an invariant, allowing then a coherent description of plane waves. Here c and R are invariant and in the limit R → ∞, the above transformations reduce to the Lorentz transformation for the coordinates as well as for the energy-momentum vector.
The R-algebra, constituted by (1), (2) and (3), is completed in [8] by involving pure rotation generators,
and boost ones,Ñ
where J µν = x µ p ν − x ν p µ stands for the angular momentum, i, j, ... = 1, 2, 3 and ǫ ijk is the Levi-Civita antisymmetric tensor (ǫ 123 = 1). Following the Magpantay approach [9] , we proposed a modified expression of the boost generators
that allows to construct the first Casimir invariant of the theory. The quantization was done by the substitution of x µ and p µ by the corresponding operators and the Poisson brackets by commutators. The resulting phase space algebra of the R-Minkowski spacetime
and the underlying R-Poincaré algebra
allowed us to obtain the following expression for the first Casimir
which obviously reduces, in the limit R → ∞, to the first Poincaré Casimir.
In the present work, we will focus in the R-Minkowski spacetime on the Dirac equation which is already investigated in the context of the DSR [10, 11, 12] . Also, we aim to explore more the correspondence, already established in [8] , between de Sitter spacetime and the R-Minkowski spacetime. This may offer more possibilities to handle the issue of constructing physical observables in the de Sitter space [13, 14] . Furthermore, we propose a new approach for solving the free Dirac equation in the de Sitter spacetime by using the Schrodinger picture established in this context by Cotȃescu [15] .
The paper is organized as follows. In section 2, we establish the free Dirac equation in the R-Minkowski spacetime and show that the obtained result is identically the Dirac equation in a conformally flat de Sitter spacetime. In section 3, we construct the Schrödinger picture version of this equation and in section 4, we propose within this picture a new procedure to solve the free Dirac equation in de Sitter spacetime. In section 5, we give some concluding remarks.
Dirac equation in R-Minkowski spacetime
In [8] , we proposed the following representation for the momentum
with which the complete algebra (10)- (19) is satisfied, and therefore showed that expression (20) of the Casimir is exactly the Klein-Gordon operator of a conformal flat metric of de Sitter spacetime. This result established a correspondence between R-Minkowski spacetime and de Sitter spacetime. For constructing the Dirac equation in the R-Minkowski spacetime, we impose to the square of Dirac operator to reproduce partly Klein-Gordon operator given by expression (20) of the Casimir. In view of this, let us express C only in terms of the operators x and p. With the use of expressions (7) and (9) and taking into account commutators (10), (11) and (12), we can show that
The above vectors are three-dimensional ones. Substituting these relations in (20), we obtain
It is interesting to remark that by using this last expression and the fact that
and
we can show
γ 0 and γ i being Dirac matrices. Equation (29) suggests to write the Dirac equation in R-Minkowski spacetime in the following form
Indeed, the last two terms in (29) that make the square of the Dirac operator different from the Klein-Gordon operator are the manifestation of the spin 1/2 for the Dirac particle. In fact, in a curved spacetime, the solution to the generally covariant Dirac equation is not a solution to the generally covariant Klein-Gordon equation but to the generally covariant Pauli-Schrödinger equation describing spin 1/2 particles in a gravitational field [16, 17] . In the square of the spinor covariant derivative, the spinorial nature of the Dirac particle appears within the terms involving Fock-Ivanenko coefficients. For more details, the presence of these two additional terms is justified in Appendix A. Using the representation given by (21) and (22), proposed in the R-Poincaré algebra context [8] , we obtain the differential form of (30)
This is exactly the Dirac equation in the conformally flat de Sitter spacetime with a conformal factor a(t) = (1 − x 0 /R) −1 . Again, a correspondence between R-Minkowski spacetime and de Sitter spacetime is established.
The Schrödinger picture
In order to solve equation (31), we will use the Schrödinger picture developed in [15] . We will give an exact solution of the Dirac equation in the R-Minkowski or de Sitter spacetime, that transforms to the form found by Shishkin [18] and Cotȃescu [19] in the natural picture.
Cotaȇscu showed that the transformation Ψ(x) → Ψ S (x) = W (x)Ψ(x) leading to the Schrödinger picture is produced by the operator of time dependent dilatations
with the following properties:
F and G being arbitrary functions. Setting α ≡ ξ −1 , in the R-Minkowski spacetime, we have ξ = 1 − x 0 /R and then
Using the fact that p 0 commute with x · p and [p 0 , ξ] = −i ξ/R, we have
By substituting in (30) Ψ(x) by W −1 Ψ S (x) and multiplying at left the same equation by W , we obtain in the Schrödinger picture the free Dirac equation in the R-Minkowski spacetime
where relations (36) and (37) have been used. With the representation given in (21) and (22) , the differential form of the last equation is
The solution
Making the substitution Ψ S = (1 − x 0 /R) 3/2Ψ in equation (39), we obtain
We put in what follows c = = 1. Multiplying at left (40) by γ
and using the variable ξ, we obtain
The functionΨ must be a bispinorΨ
where ϕ and χ are two spinors to be determined. Using the standard Dirac representation for γ µ matrices, equation (42) leads to the following system
Multiplying at left (45) by Rσ i ∂ i and using (44), we get to
which we can put in the form
In the spherical coordinate system, (r, θ, φ), ∇ 2 can be separated as
where L = x × p is the angular momentum generator
Knowing that x i ∂ i = r∂ r , equation (47) becomes
This equation is separable and gives a Sturm-Liouville system. So, we can consider the following separation scheme
which leads to the following system
where λ is a separation constant. The solution of (52) is given for λ = l(l + 1) by the spherical harmonic spinors, constituted of the usual spherical harmonics Y lm (θ, φ) and the base spinors χ(s 3 ) ,
where < j, m | l, m ′ ; 1 2 , s 3 > are the Clebsch-Gordon coefficients. Explicitly, these spherical harmonic spinors are given by [20] 
Concerning equation (53), if we use the following variable change
it will take the following separable form
Thus, if we set U l (ζ, η) = V (ζ)Z l (η) , we can obtain the following system l (κrξ). For |κ| < 0, there is no solution that is bounded at infinity and regular at the origin. For |κ| > 0, the only solution that is bounded everywhere is
where N l stands for a normalization constant. Thus, the physical solution to (53) is
Requiring that this solution be reduced in the limit R → ∞ to the usual one of Dirac's equation in the Minkowski spacetime imposesκ = p, where p is the four-momentum [23] . It follows that
It remains to determine the second spinor χ. Introducing X = prξ and using the property
we have
where we have used the properties of Bessel's functions of integer order [21, 22] 
and we have setl = 2j − l. With the use of (67) and of the fact that x i ∂ i = r∂ r , equation (45) gives
Introducingχ = ξ −1/2 χ, the last equation takes the form
Setting z = Rpξ, we get to the following equation:
As X = prξ, it is easy to check that (ξ∂ ξ − r∂ r )j l (X) = 0. It follows that by using the recurrence relation for Bessel's functions
where C ≡ J, Y, H, and the properties of Hankel's functions of first kind
the solution for the spinor χ can be obtained as
where ν + = 1/2 + iRm. Then, the solution for Dirac's equation in its reduced form (40) can be written as
Finally, one can write the solution of the Dirac equation, relation (39), as
Let us now to determine the normalization constant N l by using the condition
where d 3 x = r 2 drdΩ and the integration must be done over the spacelike hypersurface Σ ≡ x 0 = cst. For more details, see Appendix B. The standard normalization condition of the spherical Bessel's function being [24] 
for k = pξ, we have
and since the spherical harmonic spinors are normalized with respect to the relation
it follows that
By using the following properties of the Hankel functions of first kind
equation (80) allows to deduce that
Finally, the normalized wave function reads
Using the operator W given by (35), one can easily obtain the free Dirac equation solution Ψ N P in the natural picture
If we perform a transition to the moving chart {τ, x} with the standard flat metric ds 2 = c 2 dτ 2 − e 2ωτ d x 2 with ξ = e −ωτ and ω = 1/R, one can easily check that Ψ N P is exactly the same solution found by Shishkin [18] and by Cotȃescu & al. [19] .
Conclusion
In the present work, we constructed the free Dirac equation in the R-Minkowski spacetime. After using a certain realization of the R-Poincaré algebra, it turned out that the obtained equation is exactly the Dirac equation in the conformally flat de Sitter spacetime. This is a further proof of the correspondence between the R-Minkowski and the de Sitter space such that the physics of R-Poincaré algebra is the same as in the de Sitter relativity. So, this correspondence could be used to construct well-defined physical observables in the de Sitter spacetime.
We also presented a new method for solving Dirac equation in the conformally flat patch of de Sitter spacetime within the Schrödinger picture. The latter was introduced by Cotȃescu to investigate Dirac and Klein-Gordon equations in the context of de Sitter spacetime.
Appendix A: Squared Dirac equation in curved spacetime
In a curved spacetime, Dirac's equation is given by [25] i γ
where D µ is the spinor covariant derivative,
are respectively the Fock-Ivanenko coefficients [26] and the spin connection, Γ ν σµ being the Christoffel symbols. It follows that the square of Dirac's equation [16] 
can be rewritten in the form
is the spin curvature. Equation (91) is the generally covariant extension of the Pauli-Schrödinger equation that describes spin 1/2 particles in a gravitational field [16, 17] . The first term contains, in addition to the Klein-Gordon operator, terms involving the Fock-Ivanenko coefficients Ω µ
In our case, the R-Minkowski space corresponds to the de Sitter spacetime given by the metric
In the chart with x 0 ∈ (−∞, 0], the tetrad field is given by e 
and a simple calculus gives for the sum of the terms involving the Fock-Ivanenko coefficients Ω
On the other hand, it is known that
where R is the Ricci scalar and that in the de Sitter space, we have R = 12/R 2 . Taking into account equations (93), (96) and (97), relation (91) can be rewritten as
Comparing to (29), it is clear that expressions of terms which make the square of Dirac's operator different from the one of Klein-Gordon are established.
representation, is normalized with respect to the usual condition of special relativity
